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An analytic study has been made on thermal relaxation in a nonlinear medium show- 
ing phase transitions consequent on high-power surface energy sources. 

There are many papers on simulating heat transfer in transitions produced by concentrated 
energy fluxes; see [1-5] for the state of the art and an extensive bibliography. A major 
aspect of high-intensity nonstationary thermal processes is that heat propagates at a finite 
rate, which influences the temperature pattern [6, 7], as for example in metal phase transi- 
tions at sufficiently high incident fluxes [4, 8]. Various analytic methods have been applied 
[8, 13]. 

I have examined new classes of analytic solution within the framework of a Stefan heat- 
transfer treatment for melting and evaporation with allowance for heat-flux relaxation. 

i. Initial Equations. We use a dimensionless form for the equations governing one- 
dimensional nonstationary heat transfer with relaxation [6, 7]: 

f l c T t + q x = O ,  ~ T  x + q + ~ q , = 0 ,  (1 )  

Q = ~bTb/qbxb, xJtb = (~b/?bC~) r/2. 

Here T = TTb, q = qqb, etc. The time scale is taken as the heat-flux relaxation period tb = 
-- const, while the dimensionless quantity 7 = i is retained in the formulas for clarity. 

We introduce the new argument x = exp(-t/7) and represent (i) as 

(2 )  
a =  ~,lc, u' (T)--- c(T),  q =  ~v/y. 

2. N o n s t a t i o n a r y  M e l t i n g .  We t a k e  fl = 1, u = #x,  v = ~x and r e p l a c e  (2 )  by a s e c o n d -  
oder differential equation for ~ = ~(x, ~): 

~ - - -  (ay/"~z) t~xx, ( 3 ) 

where the thermal diffusivity a is a function of ~x. We proceed by analogy with [12] and 
transfer from (3) to the Monje-Ampere equation by means of the Legendre transformation F(u, 
x) = xu -~(x, ~), x = Fu, v = -F~, whereupon from [14, 15] we can show that in the case 

a : al/(U + kl) z, u + k~ =#: O, a~, k~ - -  const (4 )  

there is a parametric exact solution for (i): 

x (~,, ~) = ~' (~o) + lL l (u  +/@, o~ =. (u + kO/~, (5) 

vq (u, ~) = ~, - ~ (~) + (u + k0 ~' (~), a~V = t~, ( 6 )  

i n  which  ~(~)  i s  a n  a r b i t r a r y  f u n c t i o n .  T h e r e  i s  a marked d i f f e r e n c e  be tween  (5)  and (6 )  
on t h e  one hand and t h e  a p p r o x i m a t e  s o l u t i o n s  ( l o c a l  i n  t )  [12] i n  t h a t  t h e  t i m e  d e p e n d e n c e  
is of relaxation type. 

Power-law (k I = 0) and exponential forms (kln 2 = c I) can be given for the thermophysical 
parameters satisfying (4) : 

X = k ~ T " ' ,  c = e l T " ' ,  n ~ + n ~ = - - 2 ,  klc l%,=[~(l+n, , )2;  (7 )  

( 8 )  9 2 
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For example, for n i < 0, n= > 0, (7) and (8) give %'(T) < 0, c'(T) > O, which correspond 
qualitatively to the parameters for molybdenum [16] for T, K e [300, Tm). 

We consider nonstationary melting due to a surface heat source [i, 4] in simplified 
form, where the liquid effect is neglected, which is justified at the start, when the liquid 
is thin. Exact estimates have been made [17] on the thermal interaction between the liquid 
and solid. The boundary conditions are 

X=Xo(t):q=q0, U=Uo; (9) 

x =  x~(0: q = q - - L ~ ( y x 2 - 6 X m ) ;  u=u~-----const, (10)  

in  which  ( =  ql + k(0, q,----- const, ]k(t)[ ~ k . ,  0 ~ t  < oo. 

The solution to (5) and (6) describes the heat transfer between the melting boundary 
and the thermal wave 0J = m0 propagating against a relaxing background: 

U0 ~ -  k l  =:  f l / ( x  ~ - / 1 ) ,  •q0 : f l  -~  T [(D0~ t ((Do) - -  ~ ((Do)], l l ,  (Do - -  const. (11)  

C o n d i t i o n s  (9)  and ( l l )  c o r r e s p o n d  to  c o n t i n u i t y  in  t h e  t e m p e r a t u r e  and h e a t  f l u x  a t  t h e  
f r o n t ,  which  moves w i t h  speed  x '  ( t )  = f l / x ~ 0 x ,  0 < t < ~. These  c o n d i t i o n s  a r e  met b ecau s e  0 = 
m = const gives a family of continuous thermal waves. We derive ~(~) from (i0), the energy 
balance at the phase boundary, whose temperature is the melting point. If u m + k I > O, then 

03 

�9 0 

= (D J z ((D) d(D + C~, (D~ = u,. + k~, 
(o0 

in 

z=o~-2[R(o~)-6•215 •  •  A = L l l n ( D ,  

L ,R  = • + • R1 = F1B~ - -  F2B1 - -  D1, R.. = - -  F1B~ + F~B3 + D~, 

B1L1 = - - [cosA]~o,  B=(1 + L~) = [ (D(s inA--LlcosA)]%o,  

B,Lx = [sin A]%o, B~ (1 @ Lf) = [(D (cos A -6 Lx sin A)]~o, (12)  

03 
L~F1 = - -  fl, L,nFz = C~ (u.~ -6 k~), D1 = .!' Q~• 

030 
m 

03 

D ,  = ,i' QI~ld(D'  '~;r162 = LmQ1 ((D). 
~ 0  

t/g 

The symbol [f(y)]yy0 denoted f(y) - f(y0). When the surface source has constant output or 
is specified in terms of elementary functions (whose form can be envisaged from the expres- 
sions for z, DI, and D2), the (12) quadrature can be represented in finite form. 

If u m + k I < 0, we have a type (12) relation for ~(~), in which ~, and• are poly- 
nomials in m. This form is examined similarly and is omitted here. 

We determine the equation of motion and the melting boundary speed from (5) and (12), 
which give 

.~ = [f~/(u~ + &)] -6 ~' ((D~), ( 1 3 )  

Nm =N~ -6 N~ -6 77; (14)  

?N1 = fJ(um + kl + L,~), y (urn -6 k~) N~ = L~ (,Ih cos bt - -  h.~ sin bt), 

bv = & ,  Iz~ = C~O _ C1~, h~ = C~O + ClSO, ~ a~ = a . - -  c . ,  

.$ = Mt  -6/~d, M~L~ -- ql[1 -6 L~z (sin b t - -  L-{ 1 cosbt)], 
l t 

0 0 

The first term in (14) is constant, while the second is of relaxation type, and the third 
is uniquely related to the surface source output. 
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We assume that the boundaries migrate from left to right towards positive x and take 
fl > 0. At t = 0, the temperature pattern lies in the segment x e [Xm ~ x0~ whose ends 
are defined by formulas following from (5) and (13): 

x~ = (t~ + h~ + cD/(u., + kD, x~ + ~ = A/~o, ~o = .~ + ~ ,  

ll = - -  ; '  (~O), "~ = UO (X~), ~0 = ~1 ( ~  "3C Lm),  

mo/tmo .4- L.,) < 1 62, 68 E (0, 1). 0 < 6 1 <  m'~ m~-- 

The relation Xm ~ < x0 ~ is ensured by choosing C 3. To meat the physically obvious condi- 
tion 0 ~ N m < x'0(t), it is necessary to meet the following bounds in accordance with L I = 

[ (u  m + k~)/Lm]i/2: 
L~ 

a) L I > I ,  - - ~ < h l < h 2 < L 2 ,  Nl>max(A1,  A~), 

b) L1 < 1, L 2 < h~ < th.< L~_~, N1 > max (hx, h~), 

(17) 

I n  b o t h  c a s e s ,  (h  2 - h l ) L  1 = ~2L2(L1 - 1 ) ,  k m = 2 ~ / g  m. Each s y s t e m  in  (16)  and (17)  i s  non-  
c o n f l i c t i n g  and g i v e s  c o n s t r a i n t s  on C~, C 2, 6~, ~ , .  

E q u a t i o n  (14)  d e s c r i b e s  t h e  e f f e c t s  f rom t h e  n o n s t a t i o n a r y  s u r f a c e  s o u r c e  on t h e  m e l t i n g  
boundary  speed ;  ~ ( t ) m a y  be a nonmonotone  bounded f u n c t i o n ,  and t h e n  (15)  shows t h a t  ~ ( t )  
has  two componen t s :  a monotone  ( r e l a x a t i o n )  one and a nonmonotone one ,  where  IM( t ) l  ~ k m. 

The i n i t i a l  p a t t e r n  x = x ~  q = q ~  x e [Xm ~ x0 ~ i s  r e p r e s e n t e d  by (5)  and (6)  
w i t h  x = 1 and i s  d e p e n d e n t  on C~, C 2, C a . 

From ( 1 ) ,  a t i m e - l o c a l  p a r t i a l  s o l u t i o n  has  been o b t a i n e d  [12]  f o r  n o n s t a t i o n a r y  m e l t i n g .  
One can assume f o r m a l l y  t h a t  t h i s  a p p l i e s  f o r  any f i n i t e  i n t e r v a l  f o r  which  a < ~,  x 0 ' ( t )  < ~,  
and in  p r a c t i c e  i t  i s  b e s t  t o  use  i t  f o r  t h e  i n t e r v a l  t e [0 ,  n~] r e p r e s e n t i n g  a m u l t i p l e  
o f  s e v e r a l  r e l a x a t i o n  p e r i o d s ,  n ~ 5. Le t  t h e  (11)  ahead  o f  t h e  wave a t  t = 0 occupy  a 
f i n i t e  i n t e r v a l  [x0 ~  x ~ ] ,  where  we t a k e  t h e  r i g h t - h a n d  end as  u 1 + k 1 = ~3(u0 ~ + k ~ ) ,  and 
t h e n  in  t ime  t 1 = xn,  n = - l n  6 3 t h e  wave t r a v l e s  x 1 - x0 ~ = f l ( ~ 3  -1 - 1 ) / ( u 0  ~ + k a ) ,  which  
i s  d e t e r m i n e d  by f~ and 6 3. The s o l u t i o n  i s  t h u s  s u i t a b l e  up t o  t l ,  a t  which  t h e  wave 
reaches x = x I. 

3: Evaporation. We apply a hodograph transformation [7, 15, 18] to the heat-trans- 
port equations in (2) form, i.e., we interchange the dependent and independent variables: 

T~ =9.xo, ~2x~ = ~ay%, (18) 
x=x(u,  v), x=x(u ,  o), a = a ~ ) ,  x~x.--x.~u-'r 

Usually, this transformation is employed to linearize an initial system composed to two 
quasilinear equations homogeneous in the derivatives and has been used effectively in gas 
dynamics [18] and transport theory [7] (reversal method). Here (18) remains quasilinear. 
An advantage of (18) by comparison with (i) is that the aspect is eliminated on the non- 
linearity due to the thermophysical parameters being dependent on temperature. 

The evaporation is caused by a surface heat source q ~ const: 

x = xm: =Sm (Trn), qra ~ qs + Lm -'--:'- + (19) 
dt 

dx, ( d'x. dxe ~. (20)  
x=xe: at = s e ( r . ) ,  q . = Z . q - - L ,  y ~ - - - q -  at / 

We consider the process between the melting and evaportion boundaries, where we incorporate 
the absorptivity and use a kinetic condition [2] relating the speed of each boundary to the 
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corresponding transition temperature. 

relaxing heat flux in the melting zone: 

~ (T~) dT~ (x____~) = _ qo, q~ = qo ~- q~g, ql ~ O. 
dx 

This assumption is analogous to the simplification in a Stefan treatment [6] 
temperature in the phase transition is taken as known and constant. 

We introduce 8 = u "~ instead of u and assume that 

a = b . u + a ( ~ ) ,  Z = Z ~ u ;  b., Z~--cons t ,  T6[T1,  T~], 

�9 ~ ( ~  =b~p% ~>/0 ,  b,Zl=fi:0, O < ~ p ~ p , < l .  

We take a stationary temperature distribution and a 

in which the 

( 2 1 )  

The summation is with respect to the repeated superscript e. For c ~ const, (21) covers a 
linear temperature dependence for the absorptivity and thermal conductivity. We take S(T) = 
o($) as analytic and such that 0 < o(0) < ~. If in particular S = o 0 exp (-E/T) [2], than 

o 0 = oe(O) = om(O ). 

We construct the solution to (18) as a functional series: 

~=[v--w(p)]f(p), x,,-~,--co, st, ~E[o, ~2, pE(O, 1), 

2 
Xo = ('~.~/fo) + Io, % = ho - -  ZoO, x. '~.  = B . z  o. 

The recurrent relations for n > i are 

( 2 2 )  

x,~ = B~fr, + l n  -'[- Hn_x, Bf 2 = - - ' ~ , ,  B ,  = ? b , f  o, fo ~-0, ( 2 3 )  

B 
%---- A.f,~ -t- e c  f ~ riG (ln~ _~.f H; , ,_ ld~)  ._~ t~ n . ~  e n _ l  ' 

~; f" o 

B , C  : "c2,fo, Hn_l(O ) = En-~(O) =: 0, H o = 0, ( 2 4 )  

A.fg -= C~ Ix .  + (,,'~.~t2fo)], ~,o = (Bf'lf) - -  w'f, fg = 1, 

H._I  = F,~_I -Jr- A,~-ICP._2 (n -- 1) (~hn_l _j_ ~Gn_ld~),B 
fo 0 

n--I n--2 g 

i = 1  i : l  

6 n - 1  = L 'n -2  - -  [T~ (72 - -  1) X n _ l / B , ]  "J- (ZoL-i/fO), ( 2 5 )  

n--I n--2 
- -  E,,-1 = B .  ~ / * ~  

f= l  i = l  

n - - I  n--I 

/=1 i=O 

i=1 

The coefficients in the power-series expansion in [3 for f, ~, o, and so on are denoted by 
the same s y m b o l  w i t h  a p p r o p r i a t e  s u b s c r i p t s  s u c h  a s  f = fE~ E, e ->-- O. The E n _ l ( ~ )  , F n _ l ( ~ )  
are calculated from (25)-type formulas. 

This solution contains four arbitrary functions ~, h, f, and w together with the argu- 
ment $, which enables one to satisfy (19) and (20). We take Sm = 0 to get for the first few 
coefficients that 

X ,  - -  YO'o, ~0  := ~ q l ,  "[:!,LC'I : Y(do  -'E'I a!~dm), ,',:'r : :  - - : : , ,  

T. (~'o -{- go~) := 7dl, Bfl ::! 7 ~~ - -  a,~,) -- ZoS, ( 2 6 )  

(Wo§ go.~) (Zo - -  ho) -- ~,,C~o-~1,. + "~. (;r + gl~2, l, == sho -~- ~a,,~, 
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qo .... Qd o, f~c~Tb~i7 �9 f24,, d l . : r  w 

The general form for the recurrent formulas is 

n 

(Wo + goL)h._~-- (~,L/f~) f .  = R._I, ~, (n + foWo + ~ - -  1) ~o,  

Or0 ,~ 

The e x p r e s s i o n s  f o r  Kn_l ,  Mn_ 1, Pn -1 ,  Rn-1 a r e  composed o f  c o e f f i c i e n t s  c o r r e s p o n d i n g  t o  ap-  
p r o x i m a t i o n s  p r e c e d i n g  a p p r o x i m a t i o n  n;  t h e s e  f o r m u l a s  a r e  n o t  g i v e n  h e r e .  The r e s u l t  
~e e (0 ,  l )  i s  d e f i n e d  by 0 < qs ~ < ~,  and p a r a m e t e r  fl i s  u n i q u e l y  r e l a t e d  t o  t h e  a r b i t r a r y  
c o n s t a n t  ~.~: when we s a t i s f y  t h e  i n i t i a l  c o n d i t i o n s  a t  t h e  e v a p o r a t i o n  b o u n d a ry  ~e ~ = l ,  
Xe ~ = 0, we get I = ~Ue~ + ~e(~e)(~~ ~0 = i/Ue 0 The solution to (22) gives Xm ~ 
Um ~ and the initial temperature pattern between the phase boundaries. 

One can use the Weierstrass-Kovalevskaya majorant method to show that if a($), 0(6), 
e (0, I) are analytic functions, the series (22)-(24) converge for $ e (0, I), ~ e (0, i). 

The solution structure indicates that it is of boundary-layer type nd describes a nonsta- 
tionary transition due to thermal relaxation from the initial temperature pattern between 
the phase boundaries to the limiting state t + ~. 

We see from (22) and (26) that in the simplest approximation 

x ~ x,  In ~ + x0 + x~,  ~/~ ~ T,~ -1 + %, (27)  

w ~- Wo + W~p, f ~- f o + f ~P 

one already has information on how the thermal diffusivity varies with u (parameter b,), 
the nonlinear absorvity (ZI), the kinetic relations at the phase boundaries (o0, Em, Ee) , 
and the thermal conditions in the melting material (q0, ql). The major qualitative regul- 
arities in (27) are not altered by incorporating subsequent expansion terms. We subse- 
quently put c ~ const. 

At the phase boundaries, which move slowly, the temperature decreases over time in 
a relaxation fashion: 

u (Tin) ~ (x - -  Qho)/ f l~, ,  u (T~) ~ [~ - -  e (h~ - -  Z~e) ] / e~ , ,  

~ ~ d,  (?a~--u~b,) ,  ?q~=  ~ u ~ ,  d , c , = d ~ - - ~ , q x ,  ~ , > 0 .  (28)  

The natural requirements u e > u m > i, fl > 0 lead to the bounds 

b, (dl - -  ~,q~) > 0 ,  Do ~ dl  - -  do - -  a o (din -+- de) ~- Cao (Ee - -  Era) ~ 0 ,  (29)  

Do q- (dl - -  T,ql) (all - -  %) ~aob~ I < 0. 

To (29)  we must  add one o f  t h e  c o n d i t i o n s  

a) b . < 0 ,  ~ .<~. ,  d l = ~ , ( % + d 0 ;  

b) 0 < b , < ? a ~ ,  d , ( ? a ~ - - b , ) < ~ , .  (30)  

Compatibility between (29)  and (30) is provided by suitable choice of do, dl, ql. The condi- 
tion ~ < i will be met if the temperature scale is taken as the value at the melting boundary 
for t ~ ~. 

The formulaN e= o 0 exp (-Eec/U e) for the evaporation boundary speed shows that the asymp- 
totic value (t ~ ~) is very much dependent on b, and qm. For 0 < b, < ~o02, if d I - H < 
q1~, < dl, then M, ~ dNe~/db * > 0, while if ql~, < d I - H, then M, < 0; H~o0 = = c,. For 
b, < 0, if d I < q1~, < d I - H, then M, > 0, while if qlx, > d I - H, then M, < 0. This means 
that the Ne ~ set up during the thermal relaxation and the Nm ~, whose behavior is analogous, 
are dependent on da/du and on dqs/dt, the rate of change in the heat flux in the melting zone. 

These results show clearly that thermophysical-parameter nonlinearity has a marked 
effect on the nonstationary heat-transfer parameters in the phase transitions. 
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NOTATION 

Dimensionless quantities: x, Cartesian coordinate; t, time; T, temperature; X, thermal 
conductivity; c, bulk specific heat; q, specific heat flux; ~, heat-flux relaxation time; 
L, heat of phase transition in unit volume; q, set heat flux density at surface; N, phase 
boundary speed; Z, absorptivity; u and v, variables in hodograph plane; sl ~cosAm, s~= sinAm, 
Am : A~ + bt. L~ = [(u m + kl)/Lml ~ /2, L2t~ = yq~ (um + kl), L3 = Lm (I + L~), L 4 = L ~ - 6 : ( L ~ - l ) ,  A~ym~ : 6~L~ (L~-- 1), 
6 2 and  6 3 , a r b i t r a r y  n u m b e r s  i n  t h e  r a n g e  ( 0 ,  1 ) ;  Cm = c b , o o ( E  e - E m) .  S u b s c r i p t s  a nd  
superscripts: overbars for dimensional quantities; m and e, melting and evaporation phase 
boundaries; b, scale for dimensionless quantities; e, summation; 0, initial value; ~, 
asymptotic (t § ~) value; prime ordinary differentiation; independent variable as subscript, 
partial differentiation. 
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